The spin-magnetic moment of the electron is revisited. In the form of the relativistic quantum mechanics, we calculate the magnetic moment of Dirac electron with no orbital angular-momentum. It is inferred that obtained magnetic moment may be the spin-magnetic moment, because it is never due to orbital motion. A transition current flowing from a positive energy state to a negative energy state in Dirac Sea is found. Application to the band structure of semiconductor is suggested.
Introduction
The spin and the spin-magnetic moment are basic and the most important concepts in the spintronics [1] that is new research field in considerable expansion. In the previous work [2] , we found that the spin-magnetic moment seems to be caused from well-known definitional equation of magnetic moment. Such a case never happen in the non-relativistic quantum mechanics. In the relativistic quantum mechanics, however, the electron has another degree of freedom called Zitterbewegung [3] - [5] that is trembling motion of relativistic electron. Some physical connection between the spin-magnetic moment and Zitterbewegung was implied in the previous work [2] .
In this paper, we investigate a question about the origin of the spin-magnetic moment of the electron and roles of Zitterbewegung relating to it. The use of Heisenberg picture will make hidden roles of Zitterbewegung more clear than previous work. On the other hand, Zitterbewegung in solid state physics [6] - [8] has been a subject of great interest in recent years, since observable Zitterbewegung-like dynamics of band electron was predicted [9] [10] for electron moving in narrow-gap semiconductors [11] , graphene sheets [12] , carbon nanotube [13] , and super conductor [14] . Our research in this paper is therefore worthwhile on both sides of science and technology. As a result, we obtain 
more easily than the previous work [2] , where ,11 z µ denotes expectation value of z-component of spin-magnetic moment of a free Dirac electron in positive energy state.
Relation between Spin and Spin-Magnetic Moment
It is well known that the relativistic electron put in the external magnetic field gives interaction energy with the magnetic field ext H . This term [15] 
must be the spin-magnetic moment of the electron in comparison with Equation (2). However, Equation (3) provided merely the relation of the spin-magnetic moment µ and the spin operator 2 ′ σ by the analogy with classical electrodynamics. We do not still know how the spin-magnetic moment is generated, and what the spin-magnetic moment is. In order to clarify the origin of the spin-magnetic moment, we must deduce it without the external magnetic field which always leads to the interaction energy of the form − ⋅H µ . Generally, the magnetic moment for a charged particle moving with the velocity v and the charge e is defined as [17] [18] , 2 e c = × r v µ (4) in the classical electrodynamics, where c is speed of light. In the non-relativistic quantum theory, the above equation can be expressed as
by using m = v p and = × L r p . In relativistic quantum theory, however, we should mind that we can not use Equation (5) for Dirac electron, because the velocity v and the momentum p are independent variables to each other (i.e. m ≠ v p ) in this case [2] .
Zitterbewegung
As to Zitterbewegung, we briefly show all equations that are needed later. The velocity v of Dirac electron is given [19] by Heisenberg equation,
where ( )
, , 
The 4 4 × matrices α and β are defined as
, , α of Equation (7) in schrödinger picture. Differentiation of both sides of Equation (11) by t gives
The solution of the above differential equation is
We substitute Equation (13) into Equation (11) to obtain ( ) ( )
Taking 0 t = , we have the above relation in another form.
We finally obtain
from Equations (15) and (14).
Solutions of Dirac Equation
For reader's convenience, we summarize all equations in the following; they are necessary for our calculation. The Dirac equation
has four eigen-solutions. We name these solutions
where p E is the energy of a free Dirac electron with momentum p , 
Two arrows ↑ and ↓ denote 'Up Spin' and 'Down Spin' respectively. The explicit forms of eigensolutions in Heisenberg picture are given by
where V is normalization volume, and ) ( p u s are expressed as follows [16] ;
1 .
with normalization factor 2 2 .
and eigen states of "Up Spin" and "Down Spin",
respectively. The momentum p takes discrete values in normalization volume
as well as
Next relations are especially important in a frame
. 
Expectation Value of Zitterbewegung
In actual calculation, we will take z-axis along the momentum of the electron:
. This procedure is necessary in order to not only simplify our calculation but also exclude the z-component of angular momentum caused by orbital motion of the electron.
The velocity operator c = v α is divided into two parts. 
where i R is an integration constant, and 0,i r agrees to an initial point of the electron in classical sense.
Remembering that ( ) 0 α is equal to the original α of Equation (7), we easily calculate the expectation value ( ) ( ) ( ) ( )
Equation (37) leads to
Zit z
and ( ) ( ) ( ) ( 
, ,
where the expression of the expectation value for 1 E is simplified. Results (38)-(46) indicate that Zitterbewegung (trembling motion) phenomenon for relativistic electron is un-observable effect in the sense that the expectation values of physical quantities always agree to classically measured one in accordance with Ehrenfest's law [20] . A question whether Zitterbewegung works or not in actual physics phenomena then arises. The answer will be shown in the next section.
Spin-Magnetic Moment
We calculate the magnetic moment based on Equation (4). As mentioned in Section 2, the velocity ( ) 
We have also Zitterbewegung part of the velocity.
as well as ( )
2 exp .
Substitution of Equations (51)- (55) into Equation (50) gives 
.
We then finally obtain ( ) ( ) ( )
which is the same result as in the previous work [2] . It is necessary to recall that there is not any z-component of magnetic moment arising from orbital motion of electron because of ( )
and 0 z L = in our frame. Nevertheless, magnetic moment of Equation (59) has actually appeared. Therefore, we may conclude that z µ of Equation (59) and the spin-magnetic moment of the electron must be identified. When the momentum of the electron is small and
indicating correct g -factor because of
for Dirac electron in our frame; that is
where S is the 4 4 × spin matrix operator.
Concluding Remarks
As seen in Sections 5, the expectation values of all Zitterbewegung parts give zero or constant, both in velocity and coordinates. This means that we can not directly measure the effect of Zitterbewegung. However, they still survive behind some kind of physical quantities. The magnetic moment is an example. Although Zitter-bewegung relating to the velocity or coordinates is un-observable in the sense of the expectation value which corresponds to classical behavior, we have shown that it exists and works through the magnetic moment. A crucial point is non-diagonal matrix elements:
,
The physical meaning of these matrix elements is inferred as follows:
The initial state . This matrix element is a kind of "transition current" because it exactly corresponds to the electric current J in the definition of magnetic moment [2] which is written in another form [18] ,
In quantum theory, the conservation law of energy may break by E ∆ in time t ∆ , where
The electron which has undergone transition into (58)).
In the classical electrodynamics, the magnetic moment is caused by periodic orbital motion of a charged particles which is equivalent to an electric current. In the relativistic quantum theory, it seems that it is possible to cause the magnetic moment also by periodic transition from the positive energy state to the negative energy state (Figure 1) . It then seems that the former is the magnetic moment which corresponds to Equation (5) with . In other word, the spin-magnetic moment may be caused not by usual electric current but by some new current which yield when the electron undergoes transition between two states of positive and negative energies. It should be noted that even an electron at rest (i.e. 0 = p and 0 = L ) in space is able to yield this new current.
Another Remarks
Such a situation as described above occurs in some kind of solid state. In the two band model of Cohen and Blount [21] , Wolff [22] indicated that the Hamiltonian takes the Dirac form after a suitable transformation, and that the resulting equations are essentially identical to those of the Dirac theory. This fact means that we could apply the method developed here to the spin-magnetic moment of electron in solid state [23] . Zawadzki [11] indeed pointed out that the energy of the electron in narrow-gap semiconductor was given as 
The Hamiltonian which corresponds to Equation (65) has the form 
